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EQUATIONS OF A SIMPLE FLAME SOLVED BY
SUCCESSIVE APPROXIMATIONS TO THE SOLUTION
OF AN INTEGRAL EQUATION *

(PART II: SECONIL) ORDER REACTION)

G. Klein

ABSTRACT

The problem of an idealized flame whose underlying chemical
reaction is unimolecular and reversible (where the kinetic energy
of the gas stream is neglected)., which has been solved by an inte-
gral equation method of successive approximations for a first re-
action in PART 1, is now extended to a second order reaction.

This problem is very nearly equivalent to that of a simple chain
reaction flame in whick the catalyst reaction{s) are assumed to be
in equilibrium. In this case the behavior near the hot boundary of
the functions involved is very different from that of the case of a
first order reaction, and a careful choice of the integral equation
and of the lowest approximation to be adovted has to be made. -
The diffusion coefficient is assumed constant: for a certain v_lue
of this constant the problem simplifies considerabiy and for other
values of an altermnative perturbaticn and expansion method is pro-
posed which involves only linear differential equations. - It is
verified that negiect of the back reaction affects the method and re-
aulis immaterially, and the effect of varymgo& hot boundary temper-
ature is briefly considered.

* This wozk was carried out at the University of Wisconsin Naval
Research Laboratory under Contract N7 onr-2851i with the office of
Naval Research.
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In order to make this report seil contained, WIS5-ONR-13
we reproducs here pp. 1-3 of 30 September 1954

EQUATIONS OF A SIMPLE FLAME SOLVED BY Series &
SUCCESSIVE APPROXIMATIONS TO THE SOLUTION WIS-ONRK-Z
OF AN INTEGRAL EQUATION 9 June 1954

by G. Klein
which will be reierred to as

(FART I: FIRST ORDER REACTION)

REFERENCES

1) J. O, Hirschfelder, C, F, Curtiss, and R, B, Bird,
Mélecular Theory of Gaeas and Liquids. Wiley, (1954).
Chapter i1.7.

2) C. F, Custizz, J. O, Hirschfelder, and D, E. Cainpbeil,
The Theory of Flame Propagation and Detonation, I, University
of Wisconsin Naveli research Labosaiory Report, 15 Fek, 19582
(where a detailed numerical solution of the problemn is given in
the appendix); . Reprinted without appendix in 4th Int. Symp. for

Combustion, p. 190, Publ. by Williams and Wilkins (1953}.

1. INTRODUCTION

The problem: of an idealized flame whose urderlying chemical
reaction is unimolecular, reversible, and of the first order, which
- has already been treaiecd and solvsd in the references guotsd below,
is reconsidered here (kiretic enerygy of the gas stresam being neg.-
locted). Its solution is made to depend on the sclution of an inte-
g4l equation which contains an unknown parameter whose eigen-
value has t5 be determined. This eguaticn is solve by a meibod
of successive approximations.

Except for minor and obvious deviations, * the notation is the
sams 28 that used in the first reference quoted; equations there
ars referred to on the left margin.

* The only ones being {cf. equations 1.1-1. 3}

(11.7.271 3 ;",.. < ’%;: {-eliminating the distance variable)
{1:.7-258) R L'"; -—;) sz - {-(:51:) {-an sssentially pogitive guantity)
[V o4

{11. 7.3]} & = r_‘_-?. ‘ﬁ {-foxr conciseness)
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Flame equations. These are, fin terms of ¢*mensionicas variabliss and
parameters, tbe squationa of continnity (for chesuicz! reacstion), diffvaion,
and energy {or thermel conductionk

A
8§ 1 _F .
(11.7-25) ¢ dr E“‘,’L?’ ¥ L1
ax Loy ke '
(11.7-28j G 37 = 558 , 1.2
(1L 3t -?“"n::(ef/em)-(t.fr) . 1.3
£
!

Hot Boundary conditio g’f; At thie hot bourdary cheinical reaction,
diffusion and thermal cnhfuctxou cease. Thus

(11.,7.~3z) E”x r'-'[ )= 0 o ' 1.4

-
W

{11,7.34; S Xe® G

g o
Equation 1.2 {Ythe integrated energy balance equation, and by suitable
choice of thf conatant of xntpmr-a.hnn ins “h-n-n nnnvul—zo:; ""Cud‘tiC-‘., sbot
the temperiture gradieat must vanish,
? (cw j=0 ’ )
har already baen taken care of,

Celd bounua..y condxtionc. . If one aasumcs a conventional functional

s

.,,,.'“. Tira: Daits .tz-..\-c-&x-- LRET,  waATAT MUT LALLCH UUES NOL dCIUaily vamab 27

the cold boundary temperature, some care is needed in the stipalation of
the cold boundary conditions. Experimentally, however, and in comrputa-
UOr waske in any Cass one contines oneself to & limited numher of decimal
places, the reaction rate car be taken as zero at and nezr the cold boundary
temperature, Thus in practice thers is no doubt what the conditions shoulu
be, they are analogosis to those ai the hot boundary, wiz,

R(x,,%. )" 0 , i

(11.7.35) X~ G+l e

?c‘" }=0 L

Auxiliary guantities. It is convenient to define the known linear

fenctiza

e x_ +hie -t 1. 16

X = ¥ ,Tbhil, i p .
znd the parameier ! 1,11
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Eliminatica of the mass rate of flow. We consider the temipexrature

gvadient and the concentration as the primary depeudent variables.
From 1.3, 1.5 and 1.10,

%
G =X -.bb'i- s ' 1,12

8o taat if the temperitare gradient is =nown, ihe fractional mass rate of
flow, G. can be readily found.

; Furudamental simultaaeces equaticne. With 1.12, 1.10 equatious
1.1, 1.2 may be writtan in the form

- AT ] , .
""L( dv } ’*‘\‘x ! Leil3
% (b ¢dx \
v X 4 +o 5" I .
& Gi.’lf i. 1%

',z'.,,ecﬂ ggusticas Lhave fo de xutiafied simultzncsusly, the colu' ons being
Ehjeet. k.a tie boundary cunditzors. [i shouid be noied ihai ihis is an
etpammlue prablem' the p-"'-"n»"’r q in 1.13 is not known and dependson

= - -Spzcial ausss,  Inths following twe casex the prohlam simnlifian
.. cctu.cwr;b&y:

- Wh.en__{f_‘_i .. it.is elear frow= 1,10 that 1.14 is satiafied by
) | ], )
Xé_, =X i.i5

and hence the problein reduces to the solution of the singie differentiai

7 245 l\) »
(4= =5 Jag. {x .z 1,16
5= Y. dr J i3y Rix"e) .
When 220, =quation 1.14 gives
1 H B *
(1L, 7-44) xt’:s“_“( % TP S 1.17
whish whan suhetituted inta 1. 13 again lsads io a gingle differential
equation.
4 ,-_!ﬁ. \ .'*. L.~-
g [1- B0}ag, Risx vog 1) Y
Yhac ¢ dr / ¥320 L2y 14
Thia iaiter eguaiian simplifiss furiker if the reaction rate is linear in the
ol gas couceniyation.

w

iy
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{PART I; FIRST ORDER REACTION)
i
List of Zxratad
On cover ani titie page zdd; {PART & FIRST ORDER REACTION}

i . d
P. 1, first equation in the fostnotc shouid read; y Sl
& o5

Wy {

P, 7. izst symbol in ecadasion 2.4 shouwld be T,
P. 7, finst factor on the right of equation 2.5 should be (7.-Ts)

P. 7. in the line before sign. 2.8 the refercace ghould be
$1 equ. 1. 21
_ . Sl
P..9, graph 4: the poini Y50 © ?2¢.5 should have Deen marked
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7. REVISION: Fundamental simultaneous diiferential equations;
Boundary conditiona; Auxiliary functions;
~ Summary

In the simple flame problen: considered in PART 1 we have adopted

the reduced temperature T as independent variable and the temper-
ature gradient ¢ as the main dependent variable: these two are
relaied to the reduced distance g by
4T
t = 2T 7.1

It has been shown (cf. 1.13, 1,14, 1.10) that the problem of

a siraple unimolecular flume is contained in the equations

\/,—' it = c’R(ywt) y
\ a4

(1.13) 8‘ _ 7.2
(1.14) ' v - x® = {(;—J‘)f} + J‘;“:i‘—;xﬁg% S
to gefher witﬁ the boundary conditions

(1.6) XL (Te) = Xeo g (To)=0 7.4
(1.4) R(xo,T)= 0 , 7.5
(1.9) X (T,) = X, 5 a (t.) =0 7.6

where it is assumed that the total reaction rate R (X,T) for practical

purposes vanishes at and near the cold boundary T..

»*

The function X in 7.3 i8 lineas in T and roincides with
the fuel component X at the boundaries, thus
. 3 g »* _
L - X, - ls = T 7.7
X, =X, B Tw = T,
.Also )
' Ly = R

&= Ceo z, ) 7.8

and previously we had written (cf, 1.190)

*»*
(1.10) x = x, + Blv,-1) . 7.9

'
a——

Y

4;’"’4 A

®
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It will be useful to define a fictitious beyond-the-hot-boundary
» .

temperatuze. le 2 Tw , where
.
1, = B{Ta ~Te), 7.10
so that 7.7 may be written more concizely as
»*
* o= B(TL - T) o 7.11
and we note
A X'y, e J X (Toa) = Ie._. 2 7.12
* 2
x(rz)=20. 7.13

It has already been remarked (cf. 1.15), and it is easily
verified by inspection of the equation, that in the case §'=7 asolution
of 7.3 is L = > ; " ju this case the right hand member of 7.2 does
not contain 8— : the function R(X",T) is wh v known. This, and

the form of equation 7.3 suggest adopting the new variable

r = x - x¥

Y 7.14
‘replacing X , and expanding
S LW o~ 2
R(x,T) = W, (1) + ®(TH(X =X) + Rt {x~x*) b e
Here
»
7/?, LE) = Q(X:TD J 7.14

and the other functions /&,(f); ’&ktt) s « « « s are simiiarly known

if the form of the reaction rate is given. . We write

2(1:?:‘2 m(z; t)— 7.17

e e

wulh ®



e TS
¥ - LAY ;
] =
1 ; WIS-ONR-13 L e
30 September 1554 1A
o 27 ™ 3
z Summary. In terms of the functions just defined we- hiave q
g b T
,'I R(E, )= R(x) + RADE i R E*+... , T.18 !
i
: l and the fundamenial equations 7,1-7.3 may be writtea
I =
AL 8 T
('\ q(~-2F) = qREGD 7.19
l - o ’; . oy 1.
\ oarT s 7.20 |
;48 _ e _ _
e 7 g = - (-0F 7.21 ¢
The boundary conditions 7.4-7,6 have now. in viewof 7.14. 7.12, 7/ !
the -ixiiple form :
. 5 = C
R, (t)=0 , 7.23
H . R, z . |
§(T) =0 3_(:,)=O ’ 7.24
and it is understood that for practical purposes the functiona H :
R.(¥), & t), R (Tr),..., venishatand near the cold
boundary T. .
Alternative summary in wkich 7.20, 7.21 are written in
integrated form: ‘
|
/ o _ ; §,7) . N A
2 (/- %) = BSRLAE g (%dm05 R0 12,25 ‘
0 r -
= L dT i
T = f*- > i
?- . s 7.26
|=d' = el - 7" <
~ g = e T et
T
where ,
k", B A i : S ra' -
R(E )= B, (e)rRIDE+ REDE ey 0z yis q.28
and it ie understood that the [ P t‘)) which are known functions, for
practical purposes vanish at and near the.cold boundary 7,
{ !
‘i ]
l / !
J. it ’ / ! ""
5 e e e N sl
: : ) R Sl . - i i
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8. REACTION RATE AND NATURE OF THE SOLUTION 28

First order reiction. When the reaction iz of the first order,
R(E,t)= R (D) + RO
This case has been dealt with in Fart I where
®, ) = W T) P .
Rex*,2) ;

R, ¢
The total reaction r:ate '62_(5,1:) Das the & single zero at T, where

Re(t-o) = 0

{1.21)

Second order reaction. Here
s L
W(E)r) R, - B o+ Wo(v) &7 . 8.1

/e shall consider the spscial case where the presence of tha fuel is
essentizl for both the forward und the back reaction: the fuel acts at
the samez time 2s a catalyst?' Thus (cf. 7.14-7.17) '

, LW
R(o0) =0, i RET)<o .
Heunce, 57 7.15, or 8.1, ‘ '
‘@ (T) = ”’{‘R (v) - x* ®, “Q 8.3
This imaplies that R (t) has 170 xeros, one at Tn » by - 7.23,
R, (F) = O, 8.4

and the other, dua to the first factor on the right of 8.3 (cf. 7.11)
[

o
at beﬁ 3

R (th)=0 . 8.5
By 7.12 and 8.4, ,
5 R, (T
teo 7 R, (r) 8.6

The fuli reaction rate R (%, r) ‘wili siso, in general, have two

serps, cne &t T, » and another beyond but near to T, ;
it will be at t: in the case ¢=/.
X

ef. APPENDIX , p-40

o AR b ! 'I
v
(7
e

RSO S8 L

i ot s
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Nature of the solution. The nature of the reguired solutioa

ior any given § (where J is of order unity) does not difiex
drastically from that of the case d =7 , 8o that we confine our-

selves to a short discussion of the latter. We have

d.g N\
3(,~°T"-) = 3R’<C> d 8.7
= ¥
0, (To) =0 X, (tl)= 0, 8.9
and the required solution must satisfy
%(ta)= 0, g (Tp) = 0 8.10

The tangent elements of the family of integral curves of 8.7 are

easily plotted from the relation

PR , %, '
2z = /7 '7‘5: 8,11

The locus of stationary points of the integrai curves is evidertly the

-‘{:’ =N - -~ ta = alo 1 q hi
curve ‘1 LT/ ; tine ¢ -axis is the locusg of point which

theye is infinite siope; and the lines T=7T, , T = Z': , areloci
of points at which there is gradient unity. There are two singular
points, viz. onthe T -axis at T= 7, andat T = 2': . The .
former is a saddle point and the required solution is the singular

integral which passcs through it with negative slope.

The parameter (1 in 8.7 is not known: instead there are
two boundary conditions 8.10, i.e., q - is an <igenvalue para-
4

|
meter.  The nature of the second singular point at T depends on
the magnitude of q - in the numerical application considered it is

2 spiral point (See éraph 12. )

Rp LT RN T

4
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. etc. from which a series expansion near T_; may be obtained. |

Series expansion near T.o . Since ?(T,,,)=O, b’(o(z;,)gq one

finds easily from 8.7 e 7 o
d' o _I-. ‘ [— d'go 4_ - »

[— ';:%: =S \/" 9 47z ! / 4
LI (

A -l 02 ) e

dzt

5 »- 8 . L3
Solution near T. in polar coordinates, Near Z_. we put

hao s (48], (- s meenn,

so that equation 8, 7 becomes
dq 3 — m(T-T%) |

— v Vel

d T d 218 ’
On changing to polar coordinates ' ; }
= T av e %
j— 8.16
T-7X% = rce’8 y;
l 8.17
i and writing
= JZtars 6
! E g 8.18
* ¢
one obtains the solution near T in the form . ?
; ' -% / -t '
e ¥ v \I{L oi{m-*)*\"-—?{—m'ﬁ"z'
RN “Th \t-t+m // -~ 8.19

That is, it is & spiral provided
d X,
4[], > 0 i
D) T %

=]
The nature of ,9!- (T) beyond Z.. is of course of na physical
Y]

interest.
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9. INTEGRAL EQUATIONS AND METHCD OF SUCCESSIVE !
APPRCXIMATIONS !
- " In order to solve egquations 7.25-7.27 we employ a method of
successive approximations as follows. Suppose a ¥ -th approximation, y
* 8-(9), to ?- is known: then by 7.26 and 7.27 we find the corres- :
ponding approximations to g and E thus: ‘
o) ,r’ ) "
T =Jzm *T
v } 9.1
) ple (V) .
o =3 =< -+ &
E = J ﬁ’ c e oL 2 “e 9- 2
T

Equation 7.25 is the hard core of the problem. It is turned into
an integral equation - but this can be done in an infinite number of
N
ways: for instance, multiplication of 7.25 by ?. » Where N is

not necegsarily an integer, and integration result in

| et g [ S

One could now multiply 9.3 by some suitable function of N and
add similar equations for all integers N starting from N=0 )
and would thus obtain an integral equation in well-known analyiic

functions of . However, we have not succeeded in determining

!f which functions would be the moast 'natural' ones to take, and there-

fore coniine ourseives tc an integral squation of the form 9.3 for

a suitable N.

In 9.3 the upp~r boundary condition has been taken care of; the

lower boundary condition fixes tue value of the eigenvalue parameter,

N+l 9.4
/ [ / f(a)r)a‘,t‘ )

viz.,

-0
"

e
§
b

e —— P — i 2 e .

e St

BP0 T

k
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Hence the integral equation 9.3 may be written in the form

B e el )l”ﬂ'
j_ . (N“')f?’ J[? R(E,T) _f ré{
: | LR j» 4 4’

which doeg not tain

Y
O
Q
3
-

ol
3
-+
-

[\ ]
[h ]
(5

-]

[
3
<
LY
|d

ue parameter and includes both
boundary conditions.

¥

Let ug write 9.5 more concisely as

?,_: I(?) guN NS 9.6
In fact, of course, the right hand side 0f 9.5 or 9.6 is nata

function of~ N at all, " Again, on the right of 9.5 or 9.4

the quantities ? and <‘ occur only ineside integrals which one

may assume not to be too sensitive if instead of and S approxi-
mate. values of these are substituted.” Thus the method of successive

approximations is contzined in the equations 9.1, 9.2, and

OSR  )

i —_— H -

= ., [, ;@ -~ 7 i 9.7

The method is clearly justified if the ?. and 5 form

convergent sequences,

The most 'natural' values for N which suggest themselves
are N==1- dna N="0

=i ;ht The choice of the iowest approximation ?,

which amount to integration of 7.25 at

(o) M @ ..
will be discussed

n the following section.

;{
|

. 5 - . o8 i it - ———
s e e — - . - -

rans
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1¢. DISCUSSION; CHOICE OF LOWEST APPROXIMATION

The solution of the flame equations by the method of successive
acproximations depends on the choic: of a suitable racurrence relation
based on 9.2, ke 9.7, and on the choice of a suitable lowest approx-
imation (o).

The exponent N o As to the firat problem, once relation 9.7

is adopted, the follcwing comments on the choice of the exponent are
relevant:

N= -/, This case follows by dividing 7.25 by 2- and inte-
grating; it has been employed in the first order reaction problem of
Part I. Advantage: The second ratio on ihe right of 9.5 is the same
for any particular T at any stage of the operation 9.7. Disadvan-
tages: a) expressions of the form 0/0 occur in the first ratio and
these have to be evaluated separately. b) for aun unsﬁitable lowest

v+

approximation a supposed may become negative, which en-

traine an infinite integrand in the succeeding stage - the method breaks

down,
N=0, This case follows by integrating 7.25 at sight,
.%:‘a'-:ez‘-;a-aes: '2; Do ratiss of the form 0/0 segur, b for' 4=/ the first

ratio on the right of 9.5 is the same for any particular T at all
stagzs of the operation 9.7. Disadvantage : for an unsuitable first

approximation a supposed 3,(9 ) may become imaginary:- the method
hreaks down. !

N = | . For an unsuitablie firsi approximation a supposed O+)
may berom: negative, and succeeding 3_(”) at the same 3 re-
main negaitive - the method breaks dowa.

N = ‘.7‘_— ) At first sight none of the more obvious possibilities

of a direct break-down of the method, of the kind just described, seem tc

arise in thiz casze.

AT

S
-
»
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1 J.owesi approximation. 1t remains ‘o choose a lowesi approxi-

T EESR Y TR RIS, TPV YTy Y NP SO SO BTSN STV | ST T T T G S I 2 T S0 ISR T T

mation g.(o)- for the operations 9.7. We consider in detail the

case d =/ so that } is a solution of
(,-%&*—): q R, (T, 10.1
' ; i

It is desirable that the lowest approximation should already poscsgess
as many properties as possible of the actual solution; the prcoperties
of 3— which follow from 10.1 without further quantitative knowledge

of ®,{T) are f{ci. 8.7-8.11), withincreasing T

1) Zeroat T= 1T,

Z) Gradient unity at T = 7,

3) Maximum occurs on ? R, ()
4) Zerc at T = U

5) “Minimum occurs on g &, (7)

6) Gradient unity at T = To,

7) Further zerc =t 7= %+ o~ {s2y, where ¢ is amall and positive)

I
I
!
'

"

8) ‘Gradisnt infinite at T= h o ¢ {exrve convex to increasing )

9) Spiral around T = z’: .

Since ? is not known, 3) and 5) are unsuitable for inclusion in any

tirst approximation; similarly, 9) is uasuitable. The remaining con-

a2
y X8

£

ns cannoti be catered ifor by a polynomiai but they are embodied in

<
the following algebrzic curve

mcr) = ! (r-T )t~ (X +o)-T  j0.2
?‘ ) (T, ~-T)VTE+o -1, T ° T

where © is determined so that
[d co}( 7) 'I =
é )
wE iy i ‘ 10.53
and one finds that muat be a golution of

——e ek = —ae e ——— ———
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Discussion and results. . For d =/ formula 9.7 reduces

to : ~ i
Y -
g = I(3Y, 5 N) e

We took 3_{0) %8 in 10,2 and N=0, anc performed the operation

10.5 up to V=s0 . Result: The bulk of the ? (y). coanverges; near

T o _they diverge, and at the stagz ¥ = /¢ the method :r22ks down, - 7
the ipt_egrationg\were pe';'fpxmed,l?y_ the ?gapezoidal rule and the last inter-

val adjoining Teo v a dhout (ZTo- Z‘,)/ﬁ:é ; the divergence was oscilla-

tory about fairly definite 'mean' values. When these valves were substi-

tuted on the right of 10.5 they vary nearly reproduced themseives on the

left. This auggested use cf the formula

2 o) -9 ' o
=T (%% , TiN) 106

insitezd of 10,5, frcrn which we finzlly obtained ‘output! 's agree-

- e

ing with the Tinput! 3_'8 to any required numher of significant digits.

2. For ¢ = J’/a;f we took }(o)= ?J‘:, 5 N= 0 , and used a

corresponding procedure,
3. Similarly, for J' = 73 , Where we started with ?_“’) = ?‘::": %, e

4. The attempt of solving the case & =o in a similar manner

leade to an immediate break-down of the method when N = O, We

obtained a solution as follows: Extrapolation from ?ng, ) Ci'J‘.- Y ) ?.Jz Y
gives an approximatior to ; this value is used to calculate a

parabolic approximation to near U, ; the latter is combinad

with an approximation to » extrapolated- from f,op” P } e ?dxg 42

for the greater pari of the range T,— C_ ; this 'mixed' lowest ap-

proximation is now put through 9.1, %.2, 9.7 (modified as in 10, dj.

- e s i g -
e e e 5 : = o

ool

i — e ¢

|

e e
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We have thus found solutions for the cases d = /, %, 7z, 0
which satisfy the flame equations: this is all {hat is required

for practical purposes but the procedure is mathematically dis-

tasteful, S AL € A7

Supposing the arbitrary choice of N= 0 to be at fault, we have |
next tried N =/ for the case d'= / with 10.2 as lowest ap-
proximation and rigorous applicaticnof formula 9.7 or 10.5. Con-

vergence resulted everywhere and for the particular example con- / |

sidered the method thus appeafs thoroughly satisfactory if one takes

N=1_ .

|
|
{}t may be remarked that the values for ?, &=, _ obtained by :
the two different methods differ by about one per cent - this discre- l

'13

ancy is ascribed soleiy to ithe inaccuracy of traperoidal integration

since the integrands involved differ considerably.
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11. ALTERNATIVE METHOD WHEN ¢ # /.
In this section only we adopt the following notation:
€=/-4d ’ 11.1

?o = 7(5‘:/ ’ 11.2

In order to solve eqerations 7.19, 7.21,

ﬁ(i_%%‘ = 7<_&°+&'E " ")Qa\gl) > 11,5

(/~€)?i"~§ - = -gﬂf} , 11.6
we assume the expansions

7 - /+E7, f-?aé.a'/oi'i--" 4 T

?_ = ;, + a}, * e"?&4— vese ,  11.8

£ o= eE, + €8+, 119

where the suffixed quantities are independent of & (i.e. of o ),
substitute them into 11.5, 11.6, and equate coefficients of powers
f £ ., The golution for the case £= 0 is supposed known; we

abbreviaie

lf,'—"?"“ . XL:_Z{;)... ; 11.10

e %
the resulting lincar equations are now easgily integrated in the

fcllowing cxder:

Zo
;o _g.
EI = R e e ar , 11.11
P [~
-
/ g. Pr"’g T
= S — - _g.
4, Fo a, = [ ?;jc R, Lz "'[e XE de] 11,12
T /
where ' £ P T
7, _—_j e"g°Z£,’ , d’/fc =S W, aT . 11.13
z, %

wisn.

wp -
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11.14

g=

= ]
s
\ (1~

T - 1\
= % <
+Je-‘°[(7f+ 9.4 1 )R, + &I, (7#05&625]7 11.15
r
where
4
Ag.r o ) Ny 0 & ,,.:_1
| S R R A R R
e % > 11,16
7% [eng. &)g oo
_ pat
E= & - cc"f _;.{(,_m% +(3“a"3.)35—j-2; 4z 11,17
Sy 7 g-
Ta P
E ¢ \ [* 4
T, )
F)e {9,292+ 8 (5, #8)+4 (ueB) -G+ £ R,
T ="
# 8,09 509, )09 w5355, - 43,4805, 7 5,
+&_{-2.§, X ~(7,+€7)§,’}:| 4’-‘> 11,18
where
"e(same integrand as in . '
f second integral of 11, 18)
9 = o ’ 11.19
;3 rr“’ o
e” . ar
R °
etc. See 7«&1./( 22) p- §a3v,
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) 12. NEGLECT OF BACK REACTION;
VARIATION OF HOT BOUNDARY TEMPERATURE

Ne glect of the back reaction. ¢t was desirable to show that the method

is unaffected, and the results little changed,if the back-reaction is neglected.

In this case, if one considers only d = / , cf. A.4,

4

® (c) = (x*)" P 0

12.1
] 2,
/
_/Zn - T (C)
T\ Tes —7T, ) % 12.2

gty i g

Here 1. and Z': coincide, and X, = C As lowest approxima-

tion one takes

(o !

b ‘} — (z.oo_r‘,)% ('C'-Z‘.)(tw—t)a'. 12.3

One finds the expected results, but very near T.. , when 10.5 is used

there is again no convergen:e and formula :0.6 has tc be applied; use
- - 2 2 L3 . 2
} oi N= 3z, a; : X ; give congsiatent resnlte, Cf. graph 24.

Variation of the hot boundary temperature. It is also of interest to

investigate how the eigenvalue parameter ¢ changes with T., when
g 8
T, is kept constant. The procedure outlined just above was thus repeated

for different T with formulae 12.2 and 12.3. The results are

shown in graphs 23 anc 24.
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APPENDIX

Simple chain reaction flame. Let us consider an idealized flame

based on the recctions

A B J A1

=
A+8 = 8+C A.2

and let v= zuppose that to a first approximation component B s

in equilibrium with A, =o that

Xg = PLTIX, - A.3

q ~ F -
Xgx, = Xgli=X,~Xg)PLln) , A4
that is,

X, qo(r)[xA— [ 1= X3 — % ‘-”’-fﬂ; ¢ ’\f\"] : A.5

Dropping the suffix A , we Sce that the sroblem is equivalent to that
of . unimolecular reaction of the type already considered®, with the
total reaction rate of the fuel component of the second order and pro-

portional to

22 , N
Rix, o = x (x Tote) + 0B (2) + [@eo} - PO B ) a6
[ -
If at the hot boundary temperature 7., a frajfction X _ of the
fuel is left,

P (T.)

IPN= .
- I+ BTyt LT B (7o) A
We note that X is a factor of the total reaction rate K (X, C))
RGe= 0 A.8

Thus, in terms of a unimolecular reaction one could say that the fueil

acts at the same tim= as 2 catalyst whose presence is indispensable.

9, Ko & am ad Ao T e K 1.3
* TLA"V ] n"‘. g e ‘-r—n,g: ol —~ e A "~ - th ‘Y‘. .
T '_::q ATRC rnr‘-'&-a wld 82 rons bt ed L a MW\.»Y m,,_,\'—f‘,

L negees e

P - B #on :
c 5
oo
e —_— - B .- 0 “ o ’

H
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Particular example. We take

@@) = @l A.9

In the original formulation of the problem P(T) was taken to be

!

squal o e i ; in the present treatment we have put
-/

= e
peed 5 K ) A.10

and chosen the constant K 80 as to get simple expressions for

A« and the linear function xX®  of 7.7.(or 7. 10). Thus with

A 11
T,.5 208 s &
T, =.220, A.13
sothat, cf. 7.8,. 6= | andby A.7,
Lg ;o'—o =R ’/z:e—:;:-',!?w\.:. , A.14
which gives
K = ,932 /8¢ 9 A. 15
On compurigon of A.6 and 7.15 one finds
Ro() = @C0) + foce) s foco) AL 16
8, (z) = 21T R, x) - [ e} A17

and RQ (t) is given by 8,3,

i oo

ek
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GRAPH 11
showing the basic coefficients ,
of the total reaction rate 7.15 '
or 7.18 /\ |
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GRAPH 12

Y

of the flame eguation
7% )
|- =
g (1-qF) = q®
(See section 8, p. 28)
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_GRAPH 14

showing the total
reaction rates and
the corresponding
solutions for the
cases 9= ) and =0
{See numerical tables
4, 6, and 7)
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GRAPH 15
showi—ﬁ?the behavicr of
the solution near =T, and t‘:
in the case '—S- ]
(See numerical tables 5 and 8)

GRAPH 16 7
showing the behavior of the y

solution near T, * in the ' /
case 9=/ (See numerical Va
tables 5 and 8) e
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GRAPH 21

Dependence of the eigenvalue {

parameter ¢ (inverse of the ~ ¥

flame velocity) on diffusion l
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GRAPH 22

showing the rapidity of convergence
when the cases '+ / are obtained
from the case § =/ by the expansion
method of s¢ .tion 11, p. 37

{The horizontal lines correspond to the
values of obtained by the dire~t
method of se~*ion 9, p. 31)
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: GRAPH 23

{!' Dependence of the parameter ¢

| on the hot boundary temperature.
{' {The back reacticn is neglected,

| &= 1, aund the cold boundary

| temperature is kept constaant;

{ Cf. section 12, p. 39)
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